is an ϋJ-sequence. (The assumption that each f t e (X lf •••, X n ) guarantees that the φ(f t ) generate a proper ideal of R.) REMARK. It is well-known (e.g., [4, Theorem 119] ) that for any local noetherian ring R, a permutation of an iϋ-sequence is again an i?-sequence. However, if R contains a field, the preceding result yields a very simple proof of this fact. For 
Proof.
Let
(«=) Assume (i) and (ii). Hence A is a polynomial ring in n variables and thus x 19 *',x n is an A-sequence. Since R is A-free, any A-sequence is an i?-sequence.
(=>) (i) follows from [5, p. 199].
(ii) A is a graded subring of R, with grading induced by that of R. That is, if R = © ΣR k , let A k = A Π #*. Then 2Ά fc is a direct sum, which we claim equals A. Since each x t is homogeneous, Xi G A w . for some integer m< ^ 1. Also, KcR and i2 is graded, so KaR 0 , and therefore K -A o . Since every element g of A is a polynomial in the x/s with coefficients in i£", it follows that ^Gφ ΣA k . Hence A = ©2A fc . Thus, with the grading on A induced by that of R f and with the original grading on R, R is a graded Amodule. Now by [2, Ch. VIII, Thm. 6.1] since A o is a field and R is a graded A-module, if Ύoτf(R, A o ) = 0 then R is A-free. Thus to prove (ii) it suffices to show that Torf (R, K) = 0.
We compute Ίorf(R, K) by taking a protective resolution of K over A and tensoring it with R. Since a?u •••,#» are algebraically independent over K, they form an A-sequence, and so the Koszul complex of the x's over A is exact and therefore yields a free A-resolution of K. Tensoring it with R gives the Koszul complex of the x's over R. But since by hypothesis the x's form an i2-sequence, this Koszul complex has zero homology ([1, Cor. is acyclic since it is the Koszul complex of the x's over S M . Hence for each i ^ 1, the ith homology module R^^Γ (x) S M ) = 0. Since S M is S-flat we have Ή.13T) (g) S M = 0, so ann (Hl^T)) qt M. Since the a?'s are homogeneous, 3ίΓ is a complex of graded S-modules and hence H^SΓ) is also graded. But the annihilator of a graded module is a homogeneous ideal. Thus ann (i^pΓ)) = S and so H^^Γ) = 0 for all i ^ 1. Therefore JίT is acyclic, and so by [1, Prop. 2.8], x u --,x n is an S-sequence, 2 Any permutation σ in the symmetric group S^% acts as an automorphism on the polynomial ring K [X l9 , X n ] by (σf)(X lf , X n ) = f(X σ{1)9 , X σ{n) ) .
The next lemma is the key to our construction. Define a homogeneous polynomial fe K [X 19 , XJ by f (X 19 , X n ) = XT -ag f where g = ΠίU -3ΓζS 2 ^ i t < i 2 < " -< i k ^ n, each m t }£l, and Σ*U wpm. Proof. We first treat a special case where the basic idea of the proof is not obscured by details. Suppose that k = n -1, i.e., that each X u 2 <L i <L n, divides the monomial g. Let (z ίf , 2 W ) e K* be a common zero of /, σf, •• ,σ %~1 /. We have the following system of equations:
Equating the product of the left sides with the product of the right sides, and using the fact that X? =2 m, = m, we obtain: In the general case we shall break up the system of n equations into a number of subsystems, for each of which the preceding argument can be used.
Let H = <<7 Since a n Φ 1, it follows that a n/b Φ 1, and so z 8 = 0 for some s = r (mod b). We shall show that z t = 0 for ever?/ t = r(mod b).
For 1 ^ i ^ fc, X^ divides #: Thus X t = ^"^(X, j divides σ % -^{g\ say α?Λ = ff*~< y (ff). Now <7'-*'(/) = σ'-'W) -aσ*'*^) = X,*,, -αα? t Λ. If 2, = 0, then s£ iy = 0 since (z x , •••,£») is a zero of σ*"'^/), and sô ί-^ = 0. Thus for all i and for all q with # = s(mod i s ), we have z q = 0 This implies z t = 0 for all ί = r(mod 6). Since r was arbitrary, fo, . , z n ) = (0, , 0). THEOREM 
